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Abstract 



Let G be a topological compact group acting on some space Y. We study a decomposition of 
V-indexed stochastic processes, based on the orthogonality relations between the characters of the 
i-S^ ' irreducible representations of G. In the particular case of a Gaussian process with a G-invariant law, 

such a decomposition gives a very general explanation of a classic identity in law - between quadratic 
functionals of a Brownian bridge - due to Watson (1961). Several relations with Karhunen-Loeve 
expansions are discussed, and some applications and extensions are given - in particular related to 
Gaussian processes indexed by a torus. 
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in 

1 Introduction 

Let G be a topological compact group acting on a set Y, and let Z (ui, y) = Z (y) be a stochastic process 
indexed by the elements of Y. In this paper, we study a decomposition of the paths of Z , realized by 
means of the orthogonality relations between the characters of the irreducible representations of G (see 
[7] or ^2] f° r an Y unexplained notion about representations). More specifically, we define L 2 (G) to be the 
space of complex-valued functions on G that are square integrable w.r.t. the Haar measure, and we note 
G the dual of G (i.e., G is the collection of the equivalence classes of irreducible representations of G). 
• i-h , Then, a classic result of representation theory states that L 2 (G) can be decomposed into an orthogonal 
sum of finite dimensional spaces, indexed by the elements [n] of G and known as the spaces of matrix 
coefficients of irreducible representations. The projection operators on such orthogonal spaces have the 
form of convolutions with respect to the corresponding characters. Now note (g,y) i— > g ■ y the action of 
G on Y, and consider a stochastic process Z (y), y <E Y, such that, for every fixed y £ Y, the application 
g i ► Z {g ■ y) is in L 2 (G). One of our main results states that, if the law of Z is invariant with respect 
to the action of G, the above described decomposition of L 2 (G) translates into a (unique) decomposition 
of Z into the sum of simpler stochastic processes, each indexed by a distinct element of G. We write 
Z = X)[7r]eG ^ f° r sucn a decomposition. In Section 3, we shall prove that, if Z has a G-invariant law, 

then, for distinct [w] , [c] € G, the processes Z^ and Z" are non-correlated (in a probabilistic sense), and 
such that their paths are orthogonal with respect to any G-invariant measure on the parameter space Y. 
In particular, when Z is Gaussian and [n] and [a] have real characters, Z^ and Z a are also Gaussian, 
and therefore stochastically independent. In the last section we shall discuss some connections between 
our decomposition and the Karhunen-Loeve expansion (see for instance [Q) of suitably regular Gaussian 
processes. 
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As discussed below, the initial impetus for such an investigation was provided by the following du- 
plication identity due to Watson (see |19|. and [S] for two-parameter generalizations): if b is a standard 
Brownian bridge on [0, 1], from to 0, then 

(1) £ (b(s)- J\{u)du^j ds l =^y\(s) 2 ds + j\*{s) 2 d s y, 

where 6* is an independent copy of b. The reader is referred to p. 220] for a proof of Q using 
Karhunen-Loeve expansions, and to for a probabilistic discussion based on several identities in law 
between Brownian functionals. However, the short proof of Q recently given by the second author (see 
|10j) suggests that there is a simple algebraic structure behind such a duplication result. As a by-product 
of our analysis, we will indeed show that Q derives from a very particular case of the decomposition 
described above. In particular, our results will make clear that there are two crucial elements behind 
{JU, namely: (i) since bt = (as stochastic processes), the law of b (•) — j£ b (u) du is invariant with 

respect to the elementary action, of G = {1, g} ~ Z/2Z on [0, 1], given by 1 -t = t and g-t = 1 — t, and (ii) 
Lebesgue measure is invariant with respect to the same action of G. It follows that the above described 
theory can be applied, and Q turns out to be the result of an orthogonal decomposition of the paths of 
b (•) — f Q b (u) du into two independent components. More to the point, the (somewhat mysterious) factor 
1/4 on the right hand side of Q appears as the square of a normalization factor (1/4 = 1/ |G| 2 ), which 
enters quite naturally into the expression of the projection operators associated to matrix coefficients. 
The generalizations of Q given in [§] have similar interpretations in terms of group representations (see 
Section 3 below for the analysis of a quadruplication identity). 

Although we are mainly motivated by finite groups and Gaussian processes, we will work in a very 
general framework, allowing G to be compact, and considering processes that are not necessarily Gaussian 
(see for instance Paragraph 3.1). 

The paper is organized as follows. In Section 2 we recall some basic facts about group representations 
and related orthogonality relations. Section 3 deals with decompositions of stochastic processes, first in 
the general case, and then (Section 3.2) in the specific setup of Gaussian processes. In Section 4, we study 
generalized (Gaussian) Volterra processes, and establish some necessary and sufficient conditions (based 
on the method of cumulants) to have that such processes verify a relation analogous to (JTJ. In the last 
Section, we discuss several refinements and applications, mainly related to Karhunen-Loeve expansions, 
Gaussian processes indexed by a torus. 

2 Preliminaries and main results from group representation the- 
ory 

2.1 Representations of compact groups and orthogonal decompositions 

In this section, we shall present several definitions and results from the theory of representations of 
topological compact groups. Our use of this theory is mainly inspired by the discussion contained in 
Chapter IV], where a strong accent is placed on the so-called Peter- Weyl theorem (see Theorem 
4.6.1], as well as the discussion below), and its consequences in terms of the decomposition of the L 2 
space associated to a topological compact group (when endowed with its Haar measure). The reader is 
referred to |Zj for any unexplained definition or result. Other references for group representations are the 
classic monographs [HJ and 0. 

A topological group is a pair (G,G), where G is a group and G is a topology such that the 
following three conditions are satisfied: (i) G is a Hausdorff topological space, (ii) the multiplication 
G x G I— > G : (g, h) i— > gh is continuous, (iii) the inversion G i— » G : g i— > g^ 1 is continuous. In what 
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follows, when no further specification is given, G will always denote a topological group (the topology G 
being implicitly defined) which is also compact (see e.g. ; 6, p. 34]) and such that G has a countable 
basis. For such a G, we will denote by C (G) the class of continuous, complex-valued functions on G; Q 
is the (Borel) cr-field generated by G. An immediate consequence (see Section 10.3]) of the structure 
imposed on G, is that G always carries a (unique) positive Borel measure, noted dg and known as the 
Haar measure, such that J G dg = 1, and V/ S C (G) and V/i S G 



f(9)dg = / f{g~ 1 )dg 

JG 

I f {hg) dg = / f(gh)dg= / / (g) dg (left and right invariance); 

JG JG JG 

we shall note L 2 (G, dg) = L 2 (G) the Hilbert space of complex valued functions on G that are square 
integrable with respect to dg, endowed with the usual inner product (/i, / 2 ) G = f G f\ (g) fii (g)dg. We 
note ||-|| G the norm associated to (•, -) G , and we observe that L 2 (G) is the completion of G (G) with 
respect to ||-|| G . 

Remark — When G is finite, then G is necessarily the discrete topology, and dg coincides with the 
normalized counting measure associated to G, that is 

dg = Jr\ 5h ^ ' 

11 heG 

where Sh (•) stands for the Dirac mass concentrated at h, and |G| is the cardinality of G. 

Let V be a topological vector space over C. A representation of G in V is an homomorphism 
7r, from G into GL (V) (the set of complex isomorphisms of V into itself), such that the mapping 
Gx^hF: (g, v) i— ► tt (<?) (v) is continuous. The dimension d^ of a representation tt is defined to 
be the dimension of V. A representation tt of G in V is irreducible, if the only closed tt (G)-invariant 
subspaces of V are {0} and V. It is well known that irreducible representations are defined up to 
equivalence classes (see p. 210]). Following [Jj, we will denote by [tt] the equivalence class of a given 
irreducible representation 7r; the set of equivalence classes of irreducible representations of G is noted G, 
and it is called the dual of G. Note that, in our setting, irreducible representations are always finite 
dimensional. Moreover, we will systematically assume (without loss of generality, see Corollary 4.2.2]) 
that every irreducible representation is also unitary. Finally, we recall that, according e.g. to Theorem 
4.3.4 (v)], since G is second countable G is necessarily countable. 

To every finite dimensional representation 7r : G h- > GL (V) we associate the mapping 

X-k ■ G ^ C : g h-> Trace tt (g) , 

called the character of it. Two finite dimensional representations are equivalent if, and only if, they have 
the same character. Moreover, it is easily seen that characters are central 1 , and continuous functions on 
G. 



In this paper, we shall develop some Hilbert space techniques that are directly based on the orthog- 
onality relations between the characters of distinct irreducible representations. To this end, for every 
[tt] G G we associate a finite dimensional subspace M T C L 2 (G) in the following way. Select an element 
7r : G i — > GL (V) in [tt], as well as a basis e = {ex, e„} of V (plainly, n = d v ) with respect to which 
tt is unitary; the space M„ is defined as the set of the (complex) linear combinations of the matrix 
coefficients associated to tt and to the basis e, that is, M w is composed by the linear combinations of 
the functions 

9_^^{g)i, j,k=l,...,n, 

1 That is, for every x,g G G, x-x { x ~ 1 9 x ) = Xt (g)- 
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where, for each g € G, ^tt (gY k : j,k — 1, nj is the matrix representation of ir (g) with respect to the 
basis e. Note that such a definition is well given, as M„ does not depend on the choice of the representative 
element of [tt] and of the basis of V. Of course, M v is finite dimensional (and therefore closed; more 
precisely: dimAf^ = d 2 ., see Theorem 4.3.4]) and M x C G(G), for every [7r] G G. 

Before stating one of the crucial results for our analysis, we introduce a convolution operation on 
L 2 (G), which is defined, for f,k G L 2 (G), by the formula 

(2) (f*k)(u)= f f(g)k(g- 1 u)dg^ f f (ug- 1 ) k (g) dg, ueG. 

Jg Jg 

The following result summarizes all the orthogonality relations - associated to the notion of character 
- that are relevant to our discussion (for proofs and further analysis in this direction, the reader is referred 
to [7J paragraphs 4.2-4.6]). 

Theorem 1 Let the above notation and assumptions prevail. Then, 

1. if [ir] , [a] G G, and [tt] ^ [o~], the spaces M n and M a are orthogonal in L 2 (G) ; 

2. for every [%] G G the orthogonal projection operator, from L 2 (G) to M X) is given by 

(3) E„ : L 2 (G) ^M n ;f^d„{f* X «) ■= E«f\ 

3. the class : [ir] G g| is total in L 2 (G), and therefore 

(4) L 2 (G)=0M 7r 

Wee 

where Q stands for a direct Hilbert space (orthogonal) sum; 
4- for every [ir] G G, 

(5) (x*,Xir) G = 1; EivXtt = Xtt and E a x* =0 if [<r] G G and [tt] ^ [<r] , 
and consequently ^x-rr '■ I 71 "] € g\ is an orthonormal system in L 2 (G). 

Remarks — (i) Since, for every [tt] G G, the function G 3 g t—> (9) 1S conjugacy-invariant, the 
projection E^f , as defined in ©, is also equal to d^ (xtt * /) ■ 

(ii) Point 3 of Theorem 1 can be seen as a direct consequence of the Peter- Weyl theorem (see [7| 
Theorem 4.6.1]), stating that the space of the linear combinations of the matrix coefficients, associated 
to the finite-dimensional representations of G, is dense in G (G), endowed with the supremum norm. 

(iii) For future reference, we recall that the following four conditions are equivalent (see p. 235]): 
(a) G is Abelian, (b) d^ = 1 for every [tt] G G, (c) every / G G (G) is conjugacy-invariant, (d) the 
convolution operation defined in (0) is commutative. In particular, if G is Abelian, then the system 

|xtt : H G g| is orthonormal and complete in L 2 (G). If G is Abelian and finite, then |G| = | G \. 

2.2 Actions and decompositions of complex-valued functions 

Consider a measurable space (X, X). In this paper, a left action A of G on X is a Q ® X - measurable 
function, from G x X to X (recall that Q is the Borel cr-field of G), such that, for every g,h G G and 
x G X, 

A(gh,x) = A(g,A(h,x)). 
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A right action can be defined in a similar way, but we will deal only with left actions; for the sake of 
simplicity, in the sequel left actions are simply called actions. When there is no ambiguity on the action 
A, we will sometimes use the customary abbreviation 

A(g,x)=g-x (g G G, x G X). 

A a- finite, positive measure v on (X,X), is said to be invariant with respect to the action A 

of G (or simply, again when there is no ambiguity on the action A, G-invariant) if, for every complex 
valued function / G L 1 (v), 



f(x)v(dx)= / f{A{g,x))u{dx) = / f{g-x)v(dx) 
x Jx Jx 



for every g G G. 



Now fix an action A of G on X, and consider a measurable function Z : X i— > C. We associate to Z 
the function 

(6) Z»:GxI^C:( 9 ,x)h Z* (5, x) = Z (A (g, x)) = Z (g ■ x) , 

which is of course Q ® X - measurable. For each fixed 1 £ I, we define the Q - measurable function 

(7) Z G [x] : G w C ; 3 w Z» (g, x) ; 
analogously, for each fixed g G G, we note 

(8) Zx [g] . X 1 — > C : x 1 — > Z* (<7, x) , 

which defines in turn a X - measurable mapping. If, for some fixed x S X, the above introduced function 
Z G [x] is an element of L' 2 (G), we set, for each [n] G G and g G G, 

(9) ZJ( ff ,a:)=^ r Z G [a:]( ff ), 
where, by using Theorem 1 and J2J, 

(10) E n Z G [x] (g) = d„ [ x, (h) Z G [x] (h^g) dh = d« [ X « {h) Z (h^g ■ x) dh, g € G. 

Jg Jg 

As usual, we write e to indicate the identity element of the group G. If, for a measurable mapping 
Z : X \ — > C, Zg [x] G i 2 (G) for every x £ X, we introduce the two functions, defined respectively for a 
fixed x G X and for a fixed g G G, 

(11) Z G [z] : G->C:0~Z?($,aO 
finally, for such a Z, we set 

(12) (1) = Z£ [e] (1) = Zl (e, 1) = E^Z G [x] (e) = d^ [ X * (.9) Z ■ *) x e X. 

Jg 

Note that, since A is a left action, 

(13) Z\ [g] (x) = Z* (g ■ x) , ff GG, xGX 



Remark — If the function Z is such that Z G [x] G L 2 (G) for every a; G X, then the mapping 
(5, x) h- > ZJ (g, a;) is £/ CEP A" - measurable. It follows that the two mappings Z G [x] and Z x [g] defined in 
(|ll|l are, respectively, Q - measurable and X - measurable. In particular, the application x 1— > (x) (as 
defined in dJ) is a X - measurable mapping. 

The following result turns out to be the key tool of our analysis. 
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Theorem 2 Under the above notation and assumptions, fix an action A of the group G on X . Consider 
moreover two measurable functions S, Z : X i— ► C, such that for each x G X, Sq [x] , Z G [x] G L 2 (G). 
Then, 

1. for any [it] ,[a] G G such that [tt] ^ [a], and for arbitrary points X\,X% G X, the following orthogo- 
nality relation is satisfied: 

(14) (S G [ Xl ],Z G [x 2 ]) G =0; 

2. for every x G X , 

(15) Z G [x] = J2 z g [x] S G [x] = ]T S G [x] , 

where the convergence of the (possibly infinite) series takes place in L 2 (G) , and for any x%, x% G X 

(16) (S G [ Xl ] , Z G [x 2 ]) G = ]T (Sg fa] > Z G [x 2 ]) G , 

WeG 

with convergence in £ 2 ; 

3. in addition to the previous assumptions, suppose there exists a G-invariant measure v on {X, X), 
such that the functions Z* and S„, defined according to JjflJ, are elements of 

L 2 (G x X, G ® X, dg x v (dx)) := L 2 (dg x v (dx)) 

and also, for every g G G, Zx [g] , Sx [g] G L 2 (X, X, v (dx)) := L 2 (v (dx)); then, for every [tt] G G 
and every g G G, Z£, G L 2 (dg x ^ (efcc)), [p] , S"3c [g] G L 2 (i/ (da;)), and moreover 

(17) / S£[s] (x)Z x [g] (x)v(dx) = 

for every [tt] , [a] G G, such that [tt] ^ [cr]; 
4- under the assumptions and notation of point 3., 

(18) z *= Z * and S * = zZ S * 

WeG WeG 

where the series are orthogonal and convergent in L 2 (dg x v (dx)), and therefore 

(19) (Z*, S#) L 2(4 g xv(dx)) = (^* ' ) L2{dgxu{dx)) ' 

WeG 

5. under the assumptions and notation of point 3., for every g G G, 

(20) [, 9 ] (*) = £ Z£ [ 5 ] (x) and S x [p] (i) = E ^ M (*) 

WeG WeG 

where the series are orthogonal and convergent in L (u(dx)), and 

( 21 ) i z x [g] , s x [g]) L 2( V ( dx)) = Y ' s * ^\)mu(dx)) ■ 

Wee 
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Remark — When G is finite, G is also finite (since | G | coincides with the number of conjugacy 
classes in G). In this case, Theorem 2-2 gives a decomposition of the function Z : I ^> C. As a matter 
of fact, for every x £ X, 

(22) Z(x)=Y, Z *(*)> 

MeG 

where the sum is finite, and on the right-hand side we use the notation introduced in 1|12|) . 



Proof of Theorem 2. (1.) By definition, S G [x{\ and Z G [x2\ equal the orthogonal projections, 
respectively of Sq [xi] and Zq [x2\ 1 on the finite dimensional spaces M v and M a . Since, according to 
Theorem 1-1, M„ and M a are orthogonal in L 2 (G), relation l|14|l follows. 

(2.) Relation (|15|l is an immediate consequence of (@J, whereas ()16(l is a standard formula of the Parseval- 
Plancherel type. 

(3.) Observe first that, by assumption, 



x 



\Z*(h, x)\ dh 



v (dx) < +00. 



Moreover, we observe that, for every [tt] £ G, the continuous function \x-k\ '■ G <— > M+ is bounded by a 
constant a x £ (0, +00) (since G is compact), and therefore, thanks to the right invariance of the Haar 
measure dh and Jensen inequality, 



Z\\g\ (x)\ 2 v(dx) 



x 





L 






Jx 




d l a l J 


f \ 




X 


dial j 


r ' 




X . 



X-n {h) Z* (h 1 g, x) dh 



\Z* (h l g, x) j 2 dh 



v (dx) 
v (dx) 



\Z* (h, x)\ 2 dh 



v (dx) < +00. 



Also, 



\ z * (9,%)\ v(dx)dg 



G Jx 



1 G JX 

: dial 



\Zl\g\ (x)\ 2 v(dx)dg 



G JX 



\Z± (h, x)\ dh 



G 



v (dx) dg 



j2 2 



x 



\Z* (h, x)\ 2 dh 



G 



v (dx) < +00, 



since J G dg = 1. It follows that Z^ £ L 2 (dg x v (dx)) and Z\ [g] £ L 2 (v (dx)) for any g £ G, and an 
analogous conclusion holds for S. We may prove (|17|l by using an easy declination of the "averaging" 
technique (see for instance paragraph 4.2]). Indeed, for [tt] ,[<j] £ G such that [tt] 7^ [a], thanks to 
formula (| 1 31) and the G-invariance of v, 



S x [g](x)Z x [g](x)v(dx) = / (g ■ x) Z° (g ■ x)v (dx) 



S*(h-x) Z° (h-x)v(dx) dh 



G JX 



X 



(h ■ x) Z° (h ■ x)dh 



v (dx) 



(S£[x},Z£[x}) G v(dx) = 0, 
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where we have used a standard Fubini theorem, as well as Theorem 2-1. 

(4.) The first part derives immediately from points 1. and 2., as well as the fact that Z*,S* S 
L 2 (dg x v (dx)) by assumption. Formula (|19fl is again of the Parseval-Plancherel type. 
(5.) Formula (|20() derives from the elementary relation 



x 



Zx [g] (x) -Y, z * [5] (*) 



W6G 



v (dx) 



G JX 



Z*(h,x)- J2 Z *(h,- 



v (dx) dh = 0, 



where the first equality is due to the G-invariance of v, and the second comes from point 4. Relation (|21|l 
is straightforward. ■ 



3 Decompositions of stochastic processes 
3.1 General results 

Let (fi, J 7 , P) be a probability space, and let (Y, y) be a measurable space. A Y"-indexed stochastic 
process Z is a T <£> 3^ - measurable application 2 : x F n C : (w, !/) n 2 (w, y) 2 . To simplify some 
arguments, we shall systematically suppose that the er-field T contains singletons, that is, {uj} G T for 
every to G f2. 

In this section, the product space Q, x Y will play roughly the same role as the space (X, X) in Section 
2. As a consequence, we shall sometimes use the compact notation 



(23) QxY = X , F®y = x Q , 

and write xq to indicate the generic element (u),y) of X$. Given a topological compact group G and an 
action A of G on X , for fixed y G Y and g G G, we write Z (g ■ y) to indicate the random variable 

We say that the law of a family Z = {Zi : i G /} of stochastic processes is invariant with respect 
to the action A of G on X (or, simply, G-invariant) if, for every n > 1 and every continuous, bounded 
function / on C n 

E [/ (Z n ( yi ) , Z ln (y n ))} = E [/ (Z u ( 9 • yi ) , Z in (g ■ y n ))} 
for every g G G, every (y 1 ,,..,y n ) G F", and every (ii, i„) G I". 

Remark — Every action A' of G on Y always defines an action A on Xq, through the relation: for 
every xo — (cu, y) G Xq, 

(24) A{g,x )=g-x = (cj,A'(g,y)). 

Analogously, every action A' of G on Q defines an action A on Xq: for every xq = (u>, y) G Xo, 

(25) A{g,x ) = g-x = (A! (g,u),y) . 



In the sequel, whenever it is given an action A' : (g, y)t—>g-yoiGonY, we will write g ■ xq, xq G Xq, 
to indicate the image of the action A on Xq defined in H24|) ; a similar convention, based on (|25H . holds 
for actions A[ on fl. Moreover, we will systematically work under the following assumption. 

2 We write Z (y), for fixed y Y. to indicate the random variable u) 1— » Z (u),y). 
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Assumption A — Every V-indexed stochastic process Z considered in the following (not necessarily 
with a G-invariant law) is such that, for every x = (u>,y) 6(1x7, the mapping 

g i-> Z (g ■ x ) 

is an element of L 2 (G). 

Remark — Assumption A can be relaxed in several directions: for instance, at the cost of some 
heavier notation, most of the subsequent results can be immediately extended to stochastic processes Z 
such that, for every fixed y £ Y, the mapping g 1— ► Z (g ■ y) is in L 2 (G) a.s.-P. Note that - when G is 
finite - Assumption A becomes immaterial. 

Now fix an action A of G on Xq. To every Y- indexed stochastic process Z we associate: the mapping 
Z, : Gx Xq C, according to (jBJ), and the mappings Zq [xq] : G i— > C and Zx a [g] ■ Xq ^ C as given, 
respectively, by Q for fixed x = (uj, y) 6 Xq, and by © for fixed g £ G. Analogously, for every [n] £ G, 
the mapping Z^ : G x Xq C, is defined according to ©, whereas, for fixed xq £ Xq and for fixed g £ G, 
respectively, Zq [xq] : G i— > C and Z Xg [g] : Xq i— > C, are defined through (fTTJ) . Finally, the mapping 
Z* : X i-> C is given by (tTH . 

Proposition 3 Under the above notation and assumptions: 

1. for every fixed xq £ Xq and for every [tt] £ G, Zq [xq] and Zq [xq] are (G,G) -measurable functions; 

2. for every fixed g £ G and for every [n] £ G, Zx [g] and Z x [g] are Y -indexed stochastic processes; 

3. if Z has a G-invariant law the following three statements hold: (3-i) for every g £ G, the law of 
Zx [g] is G-invariant and equal to the law of Z; (3-ii) for every [tt] £ G and g £ G, the law of Z x [g] 

is G-invariant and equal to the law of Z™ ; (3-iii) the set of stochastic processes {z,Z* : [tt] S G} 
has a G-invariant law. 

Proof. Points 1. and 2. are straightforward. Point (3-i) derives immediately from the relation: for 
every x £ X Q 

z x [g] (h ■ Xq) = Z (gh ■ Xq) , V/l £ G, 

and the fact that the law of Z is G-invariant. To prove point (3-ii), we can first use the invariancc 
properties of dg, as well as the fact that (•) is central for every [tt] £ G, to obtain that for any h £ G 

(26) Z*(h>x) = f Z{gh-x)xA^ 1 )dg= f Z (g ■ x) xA h 9^) dg 

J G J G 

= \ Z (g ■ x)xtt (g^h) dg = Z (h ■ (g ■ x)) x* (g^ 1 ) dg 

J G JG 

Z x [h] (g ■ x) Xtt {g^ 1 ) dg, 

from which deduce that Z™ has a G-invariant law since, thanks to point (3-i), Zx [h] has the same law 
as Z. To conclude, just use relation and again point (3-i) applied to the process . Point (3-iii) 
derives immediately from formula l|2tj|) . ■ 

The following result translates the first part of Theorem 2 into the context of this section. It shows, 
in particular, that any G-invariant stochastic process admits a pointwise _L 2 -decomposition in terms of 
simpler G-invariant stochastic processes, indexed by the elements of G. 

Theorem 4 Let the above notation prevail, and consider an action A of G on Xq = Q x Y . Let S and 
Z be two Y -indexed stochastic processes verifying Assumption A, and fix [tt] , [a] £ G such that [tt] ^ [a]. 
Then, 
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1. for any {ui,y x ) , {u 2 ,y 2 ) G X , {S G [(^i, yi)] , Z G [(u 2 , ya)]) G = 0; 

«. /or some y u y 2 eY,S ( Vl ) , Z (y 2 ) G L 2 (P), tten S w ( yi ) , Z ff (2/2) G L 2 (P); 

5. i/ the vector (S, Z) has a G-invariant law and S (y±) , Z (y 2 ) G L 2 (P), &en 

(27) 



E 



5- ( yi )Z- (y 2 ) 



= 0; 



^. if S has a G-invariant law and S (yi) G L 2 (P), then 

(28) 5( W )= ^ S*( V1 ), 

Med 

where the series on the right hand side is orthogonal and convergent in L 2 (P). 
Proof. Point 1. is a direct consequence of Theorem 2-1, whereas point 2. derives from the inequality 



E 



\S"{vi)Y 



4 / p (duj) 

Jo. 



Xtt {g)S (g 1 ■ (u,yi)) dg 



< dial [ P(dcj) [ \S (g- 1 ■ (u, yi ))\ 2 dg 
Jo. Jg 



dial I E 



Sig-'-yJl dg = dlalV \S( Vl )\ 



< +00, 



and a similar calculation for Z n . To see point 3., just write, due to the G-invariance of (S, Z) and the 
fact that J G dg = 1, 



E 



S* (j/0 (y 2 ) 



E 



S" (9 ■ Vi) Z° (g ■ y 2 ) dg 



S" [(uj, yi )](g)Z° [(uj,y 2 )] (g)dg\P(du;) 



(S5[(w,I/i)],^S[(w,lft)]) G P(dw) = 



where we have used a Fubini theorem, as well as point 1., with lu± = uj 2 — u>. To prove point 4., let 
[tt (i)}, i = 1,2, be an enumeration of the elements of G, and observe that, according to 1151) . for every 
x a = (co,yi) G X 



lim 



N 



Sg[x ] (g)-Y, S G l) M (3) 



= 0, 



and also, thanks to l|16(l . 



S G [x ] (g)~Y, S G fo>] (5) 



i=Ar+l 



rfg < / |Sg [^o] {g)\ 2 dg. 
Jg 



Now observe that, for fixed y\ G the random variable w i— > J G |5 (5 • (oj, j/i))| 2 dg is in L 1 (P), since, 
due to the G-invariance of the law of S, 



\S {g ■ (w,yi))\ dg 



P(dw)= / E 

G 



S(g-yiW 



dg = E 



S(yi)\' 



< +00. 
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Finally, according to Proposition 3-3-iii, the class I^S"^ : [n] G g\ has a G-invariant law, and therefore 



E 





2" 




(Vi) 










Jg 



N 



E 



8=1 

JV 

So [x ] G?)-5>£ (i) [x ] (g) 



dg 



dg 



N 



due to an application of the dominated convergence theorem. ■ 

When G is finite, formula Q28JI holds even if the law of S is not G-invariant (but, in this case, the 
series is not necessarily orthogonal in L 2 (P)). We now apply Theorem 2 to further characterize actions 
of the specific form l|24|) . Observe that the following Theorem applies to processes whose laws are not 
necessarily G-invariant. 

Theorem 5 Let the action A : G x Xq i— > Xq be such that, \/(u>,y) E Xq, A(g, (u>,y)) — (to, A' (g,y)), 
where A' is an action on (Y,y). Consider moreover two Y -indexed stochastic processes S,Z (not nec- 
essarily with G-invariant laws), as well as a a -finite positive measure fi on (Y, y), which is invari- 
ant with respect to the action A' of G on Y . Suppose that, for every fixed co* S fl, the applications 
{y>y) Z (ui* , A' (g , y)) and (g,y) i— > S (to* , A' (g , y)) are elements of L 2 (dg x n(dy)), and also that, 
for every fixed (u>*,g*) € x G, the mappings y t— > Z (u>*, A' (g* , y)) and y <— > S (co* , A' (g* , y)) are in 
L 2 (^(dy)). Then, 

1. for every fixed (oj* , g*) € £l x G, and for every [tt] , [a] € G such that [n] ^ [a], 
(29) 



SZ [g*} (co*,y)Z° Xa [g*\ (co* , y)y, (dy) = 0; 



2. for every fixed co* 6 
(30) 



S(w*,y)= ]T S*(co*,y) and Z(co*,y) = £ Z"(u*,y) 



[7r]£G 

where the two series are orthogonal and convergent in L 2 (/i (dy)), and therefore 

(31) (S (co*, ■) ,Z(co*, -)) LWy)) = £ (S* (co*, •) , Z« (co*, ■)) L2(Hdy)) ; 

3. if moreover Z (co, y) £ L 2 (P (dco) x /i (dy)), then, 

Z* (co, y) e L 2 (P (duo) x n (dy)) , for every [tt] e G, 

and 

(32) Z(co,y)= Y, Z*(u>,y), 

Med 

where the series is orthogonal and convergent in 1? (P (dco) x /i (dy)). 
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Proof. (1.) For every w* E CI, the measure v* on (X , X ) = (CI x Y, T ® y), denned by v* (dcu, dy) = 
8^* (du>) x /i (dy), where 8 U * is the Dirac mass at oj* , is invariant with respect to the action A of G on X . 
Moreover, it is easily seen that the assumptions in the statement imply that v* satisfies all the hypotheses 
of Theorem 2-3, so that formula l|29|l follows immediately, by observing that, for every g E G, 



S Xo Iff] (u*,y) Z° Xo [g] (dy) = / S Xo [g] (x ) Z Xq [g] (x Q )v* (dx ) • 



A'n 



(2.) This is a direct consequence of Theorem 2-5 (in the case g = e). 

(3.) First observe that Z n (oJ,y) S L 2 (P (du>) x /i (dy)), since, thanks to the G-invariance of //, 



E 



\z" (y)\ n(dy) 



dial I ji(dy) j_V{du) I _dg\Z(u,g- 1 -y)\ 

fi (dy) dg 



dial 





Z(g '•//) -' 







j2 2 



E 



|Z(y)| 2 M (dy) <+oo. 



The rest of the proof is similar to the proof of Theorem 3-4. Let indeed [7r (i)], i = 1,2,..., be an 
enumeration of G, and observe that Theorem 2-4 (formula {HJl) implies that, for every lj* E CI, 



lim 



lim 

iV— >+oo 



Y JG 



N 



Z(Lu*,g-y)-J2z^ ) (u*,g-y) 



i=i 



dgfj, (dy) 



X JG 



Z(g-x )-J2z 7r(t) (g-x ) 



dgv* (dxo) = 0, 



and (flTTfi yields also 

Z(oj*,g-y)-Y J Z^ (io*,g-y) 



Y JG 



N 



i=l 



dgfJ-(dy) < \Z(g-y)\ dgfi(dy) 

JY JG 

= J Y \Z(y)\ 2 ^(dy)EL 1 (P) 



since Z E L 2 (P (du>) x /i (dy)) by assumption. Since /i is G-invariant, and by dominated convergence, 



E 



N 


2 






N 


2 




Z( y )-J2z^ (y) 

i=l 


li (dy) 


- h 

JG 


X 


Z(g-y)-J2z n ® (9-y) 

i=l 


fi(dy) 


dg 



E 



Y JG 



N 



Z(g-y)-Y J Z^ (g-y) 



dgn (dy) 



3.2 Gaussian processes 

Keep the previous notation and assumptions (in particular, Assumption A holds throughout the fol- 
lowing). In this paragraph, we apply the above established results to the case of a two-dimensional 
real- valued Gaussian process of the type 

(Z x , Z 2 ) : CI x Y h+ M 2 : (lu, y) » (Z x (u, y) , Z 2 (lu, y)) 
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with a covariance structure given by 

(33) R i!j (y 1 ,y 2 )=E[Z i (y 1 )Z j (y 2 )}, i,j = 1,2, Vll y 2 eY. 

Note that our definition of two-dimensional Gaussian process also covers the case Z\ = Z 2 . In this 
paragraph, we will consider exclusively actions of the type (|24|) . where A' is an action of the topological 
compact group G on Y. Note that, under such assumptions, (Zi,Z 2 ) has a G-invariant law if, and only 
if, 

(34) Ri tj (g-yi,g-y 2 ) = Ri, 3 (2/1,2/2) , for every g e G, i, j = 1, 2, and 2/1,2/26 Y. 

When the function Rij satisfies (I34|l . we say that Rij is a G-invariant covariance function. 

In the sequel, the Cartesian product G x G = G 2 is systematically endowed with the product group 
structure, as described e.g. in ^] Section 3.2]. The generic element of G 2 is noted (2/1,32); G 2 is again a 
topological and compact group, with Haar measure given by dg\ x dg 2 . Recall (see again |14l Section 1.5 
and 3.2]) that [p] G G 2 if, and only if, [p] = [tt-l] (g) [ir 2 ], where ([ni] , [ir 2 ]) £ G x G, and ® stands for the 
(tensor) product between representations. The following assumption will hold for the rest of the section. 

Assumption B — For every two-dimensional Gaussian process (Z\, Z 2 ) considered in the sequel, and 
for every fixed 2/1,2/2 G Y, the application 

(35) (Rij) G 2 [2/1,2/2] :GxGnl: (31 = 52) ^ Ri,j (si • 2/i,ff2 • 2/2) 

(see 11341 . and observe that (|35|l is consistent with the notation introduced in Q) is an element of L 2 (G 2 ) , 
for every i,j = 1,2. 

Again, if G is finite, Assumption B is redundant. Given G 2 3 [p] — [ni] <g> [7r 2 ], we define, for fixed 
2/1,2/2 e Y, 

(36) (iiij)^ [2/1,2/2] - (Rij)^ 2 [2/1,2/2] 

according to 1)11(1. The following result, which is a consequence of Theorem 4 will lead to a very general 
version of Watson's duplication identity. 

Proposition 6 Let {Z\,Z 2 ) be a two dimensional real-valued Gaussian process with a G-invariant law. 
Then, 

1. the collection of (possibly complex-valued) stochastic processes ^Z\, Z 2 , Zf , Z% '■ [it], [a] G G X is 
jointly Gaussian; 

2. for every [tt] , [o~] G G such that [n] ^ [a] and x-n is real valued, the two processes Z? and Z° are 
independent for every i,j — 1, 2; 

3. for every [tt] , [a] as at point 2., (Ri,j) G ®' T [2/1,2/2] = 0, for every i,j = 1,2; 

4. for i = 1, 2, Zi (y) = E We g Z i (v) m L 2 (P). 

Proof. Point 1. is immediate, since the action A of G on Xo has the form l)24|l . Since Xn is 
real- valued, Z? is also real- valued, and moreover, for every 2/1,2/2 G Y, according to Theorem 4-3, 

E Z* (2/1) Z° (2/2) = 0, thus implying that Z? (2/1) is independent of both the real and imaginary parts 

of Z° (2/2). This concludes the proof of point 2. To see point 3., just write, for h\,h% G G 

{Ri, 3 ) G T [yi,y 2 ]{hi,h 2 ) = / dgi / dg 2 Xn (51) X<r (52) (Ri.j) G 2 [2/1,2/2] (9i 1 hi,g 2 ~ 1 h 2 ) 

JG JG 

= E [Z? • 2/1) (fta ■ j/ 2 )] = 0, 
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due to point 2.. Point 4. comes immediately from Theorem 4-4. ■ 



Of course, point 1. of Proposition 3 still holds when the law of the Gaussian process (Z\, Z 2 ) is not 
G- invariant. The combination of Theorem 5 and Proposition 6 yields immediately the following 



Proposition 7 Let G be such that Xn is real-valued for every [n] £ G. Let (Z\, Z%) be a two dimensional 
real-valued Gaussian process with a G-invariant law, and consider a G-invariant, <j -finite and positive 
measure p on (Y,y). Suppose that, for any fixed u* £ f2 and i = 1,2, the mapping (g,y) 1— > Zi (to*,g ■ y) 
is in L 2 (dg x p (dy)), and also that, for every fixed (u>*,g*) G fl x G, the mapping y 1— » Z, L (u>* , g* ■ y) is 
an element of L 2 (p(dy)). Then, for every i.j — 1,2, 

1. the Gaussian processes Zf (u>, y) and ZJ (oj, y) are independent for every [tt] 7^ [a], and orthogonal 
in L 2 (p (dy)) for every lo £ ft; 

2. for every [it] S G, 

(37) E [Z7 ( yi ) ZJ (y 2 )] = (Ri^lT [2/1,2/2] (e, e) = ( Vl ,y 2 ) ; 

3. Zi (u>, y) = X^fTrigg ( w > y) i n L 2 (p (dy)) for every uj 6 SI and in L 2 (P (doj) x p (dy)); 
4- for every A S R, 



(38) 



E 



exp ( iA / (y) (y) jU (dy) 



J] E exp (iA J Zf (y) ZJ (y) p (dy) 



Meg 



Example (A group-theoretic proof of the (polarized) Watson's identity) - As a first illustration 
of our techniques, we shall obtain a class of identities in law - between functionals of two correlated 
Brownian bridges - extending Watson's identity QJ. Our method of proof, which is directly based on the 
discussion contained in this paragraph, generalizes the simple proof of given by the second author in 
j 101 . and will motivate the content of the subsequent section. To this end, we consider a two-dimensional 
Brownian bridge b = {bi (t) , 62 (t) ■ t £ [0, 1]} with correlation parameter equal to p £ [0, 1]. This means 
that b is a two-dimensional, real-valued Gaussian process such that, for every s, t G [0, 1], E [bi (s) bi (t)] = 
s A t - st, i = 1, 2, and E [bi (s) b 2 (t)] = p X (s At — st). By b„ = (t) , 6„ 2 (*):*€ [0, 1]}, we denote 
an independent copy of b, and we also write, for i = 1, 2 and t £ [0, 1], 

(39) Vi (t) = bi (t) — bi (s) ds and v*i (t) = b*i (t) — / b*i (s) ds. 



Jo 



Now consider the group G = {e, g} ~ Z/2Z, where e stands again for the identity element. It is plain (see 
e.g. Chapter 2]) that in this case G = {[n u ] , [n a ]}, where [n u ] and [n a ] are the equivalence classes, 
respectively of the unity and of the alternating representation; in particular, x^ u ( e ) = Xn u (g) = lj and 
XiT a ( e ) = 1 = — X7r a (<?)• We fix the following elementary action of G on [0, 1]: e ■ t = t and g ■ t = 1 — t, 
V< £ [0, 1]. It is well known that 6, and therefore the vector (v±,V2), has a G-invariant law, so that the 
content of Proposition 6 can be directly applied. To do this, we first set, according to 11211 and for i = 1, 2 
and t £ [0,1], and since d„. u = d 7Ta = 1, 



wf" (*) = W (e) w< (e- 1 ■ t) + (<?) «< (<T X • *) } = 5 (&i (*) + ~ *)) ~ / h (s) ds 

= \(h(t) + h(l-t))-^J^ (b i (s) + b i (l-s))ds 
«f° (<) = w (e) «< (e- 1 ■ t) + X™ (5) w< (s^ ■ *)} = 5 (h (t) - h (1 - t)) , 
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and an analogous definition holds for v*" and v*? , i = 1,2. Now observe that Proposition 6-2 (in the 
case (Zi,Z 2 ) = (^i,^)) implies that, for any i,j — 1,2, the two processes vj" and vj a are independent. 
Moreover, the restriction of Lebesgue measure to [0, 1] is trivially G-invariant, so that all assumptions of 
Proposition 7 are satisfied (again with {Z\, Z 2 ) — [v\, V2) and /i equal to Lebesgue measure) and therefore 

Wl (t) v 2 (t) dt ^ [ wj- (t) wj- (t) dt + / <f (t) < 2 ° (t) dt 







! ,1 / 



4 Jo 



61 (t) + 61 (1 - i) - / (61 (s) + &i (1 - s)) ds x 



fi 

x I 62 (t) + 62 (1 - 1) - I (6 2 (s) + 6 2 (1 - a)) ds ) dt 
1 ^ 



+- / (t) - 6,1 (1 - t)) (h 2 (t) - K 2 (1 - i)) dt. 
4 Jo 

Next, consider a correlated two-dimensional standard Brownian motion W_ = {W\ (t) , W 2 (t) : t £ [0, 1]} 
with correlation p, 3 and independent of b. Routine computations show the following identities in law: 

{hi (t) + b x (1 - t) , b 2 (t) + b 2 (l-t):t£ [0, 1/2]} '2? {Wi (2t) , W 2 (2t) : t £ [0, 1/2]} 
{61 (i) - 61 (1 - t) , 62 (t) - 62 (1 - t) : t G [0, 1/2]} {&! (2f) , b 2 (2f) : t G [0, 1/2]} , 
implying that 

«i (*) «a (*) '= \ J o (Wi (t) ~ f Wi ds ) fa (*) ~ / ^ 2 ( s ) ds ) dt + \j bl W 62 W d *" 
We eventually use some standard arguments (see e.g. Lemma 2]) to prove that 

(Wx (t) ~ J Wi ( s ) ds ^j (w a (t) - J W 2 (s) <k\ dt '§? J b x (t) b 2 (t) dt 
and therefore 

(bx (t) - J bx (s) ds^j (b 2 (t) - J 62 (s) da) dt '= i jf (61 (t) b 2 (t) + K x (t) (*)) dt 

(Watson's identity can be obtained by setting p — 1). 

Remark — By using e.g. Proposition 2], we obtain that, for A > sufficiently small and p £ [0, 1] 

E 



exp A / [bx (t) - / 61 (s) da 6 2 (t) - / 6 2 (s) ds dt 



(A/2)' ^ 



sin ^ yT+p sinh ~ ^/l — p 



Note that the G-invariant process (v\,v 2 ), introduced in formula (|39|) of the previous example, has 
the remarkable property that 

(40) / v? (t) «J« (t) dt ^ / vlt (t) «S (*) *• 
Jo Jo 

3 That is, W£ is a two-dimensional Gaussian process such that, for i = 1, 2 and s,i £ [0, 1], E [Wi (s) (4)] = s At and 
E[Wi(s)W 2 (t)]=px(sAt). 
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In the next paragraph we shall establish necessary and sufficient conditions to ensure that, in the case 
of a finite G, a G-invariant Gaussian process (Zi, Z2) (with some special structure) is such that 

(41) J Zr (y) Zl (y) [i (dy) l = Z° x (y) Z° (y) p (dy) , for every [tt] , [a] £ G. 
In the sequel, an identity such as l|41|) will be called a Watson's type relation. 

4 Watson's type relations for Volterra processes 
4.1 Setup and statement of the main results 

Throughout this section, G stands for a finite group such that the character Xtv (') is real- valued for 
every [tt] £ G. To simplify some technical points of our discussion (in particular, to apply several crucial 
properties of multiple Wicner-Ito integrals) we will consider a two-dimensional, real-valued Gaussian 
process (Z 1; Z 2 ) such that its components are correlated Volterra processes. To define such objects, take 
a measurable space (T, T, t), where r is positive, cr-finite and non-atomic, and write (dr) to indicate 
the Hilbert space of real-valued, square-integrable functions with respect to r. In what follows, we will 
write 

(42) X = {X (f) : f £ L 2 K (dr)} 

to indicate an isonormal Gaussian process (or a Gaussian measure) on L\ (dr). This means that 
X is a centered Gaussian family indexed by the elements of (dr), defined on some probability space 
(O, J 7 , P) and such that, for every f x , f 2 £ L\ (dr), 

E(X(f 1 )X(f 2 )) = [ f x {t)h(t)r{dt). 

JT 

Now fix a measurable space (Y,y). A two-dimensional Gaussian process {{Z\ (y) , Z 2 (y)) : y € Y} is 
called a correlated (generalized) Volterra process, with respect to X and with parameter p £ [0, 1], 
if there exist two y <g> T - measurable applications 

YxT^R: {y,t)^<t>i{y,t), t = l,2, 

such that: (a) for every y £ Y the application 1 1— > <f>i (y, t) is an element of L^, (dr), (b) a.s. - P, 

(43) Z i (y)=X(4> i (y,-)), 1 = 1,2, 

and (c) for every y\ , y 2 £ Y and by using the notation introduced in l|33|) , 

(44) Ri,i(yi,V2) = #2,2 (2/1,2/2) and 

#1,2(2/1,2/2) = #24 (2/1,2/2) = p-Ri.i (2/1, 2/2) • 

Note that, if p = 1, then Zi (y) = Z 2 (y) p.s.-P, Vy £ Y; moreover, the covariance structure of a 
Gaussian process (Zi, Z 2 ) of the type 143|l may be rewritten as 

(45) R ilj (y u y 2 )=E[Z i {y 1 )Z j (y 2 )]= [ & ( Vl ,t) fa (y 2 ,t) r (dt) , *,j = l,2; 

as a consequence, in view of l|44ll and l|45|l . and given an action g ■ y of G on Y, (Zi, Z2) has a G-invariant 
law if, and only if, for i equal to 1 or 2, 

(46) / 4> i {g-y 1 ,t)(j) i (g-y 2 ,t)T(dt) = fa (y x ,t) fa (y 2 ,t) r (dt) , 

JT JT 
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for every yi,y 2 G Y and every g £ G. In the sequel, to simplify the notation, we will write 

(47) R ltl (;-) = R2fl(;-) = R(>,>). 



We now fix an action g ■ y of G on Y, as well as a G- invariant, positive and er-finite measure p on 
(Y, y). For every real-valued $,feL 2 (Y 2 , y 2 , dp x dp) := L 2 (dp, x dp), we define, for y\, y 2 € Y, 

(i) $] (yi,y 2 ) = $(2/1,2/2); 

(ii) [$<g> (2) *] (yi,y 2 ) = J Y ^(y u x)^(y 2 ,x)p(dx); 

(iii) Vp> 3, [*®(p) $] (2/1,2/2) = [[$®( P -i) $] ®(2) $] (2/1,2/2) ; 

Observe that, if $ G I 2 (dp x dp), then the application y 1— > [$®/p) $1 (y,y) is an element of 
L 1 (Y,y,dp) for every p > 2. Finally, for p € [0,1] as above, we introduce the following set of real 
constants 

K(l,p) = 2p 

(48) K(n,p) = 2J2 ( n 2 ~- 1 )^'+ 2 E ( 2 "+l) p2j+2 ' n6Ven ' "" 2 ' 

Tl-l Tl-3 

*(»,,) = 2^( n - 1 )pM+ 1 +2^(^- 1 1 )pW+ 1 , nodd,n>3. 

Note that if (ra, 1) = 2™ for every n>l,K (2p, p) > for every p > 1, and, for p > 0, K (2p + 1, p) = 
if, and only if, p = (since p is real). In the next result, under some additional integrability assumptions, 
we state necessary and sufficient conditions to have that property lf4"T|l is satisfied. 

Theorem 8 Consider a finite group G such that ^ (•) 6 1, for every [it] G G. Let the process (Z\, Z 2 ) 
be a correlated Volterra process of the type \4-3\j , for some correlation coefficient p S [0,1], and assume 
(Z\, Z%) has a G-invariant law. Let also p (•) be a G-invariant, positive measure satisfying the assumptions 
of Proposition 7, and suppose moreover 



(49) E U Z x (yf p (dy)) = jf jf (y, t f p (dy) r (dt) = J^R(y,y)p (dy) 



< +00. 



Then, 

1. the covariance functions R and i? 7r ® 7r , defined respectively according to \47\j and \37\j , for [it] G G, 
satisfy 



(50) / / R(x,yf p(dx)p(dy) < +00 and / / R^ (x, y) 2 p (dx) p (dy) < +00; 

J Y J Y J Y J Y 

Zl(y)Zl(y)p(dy), [tt] € G, 



iy Jy Jy Jy 

2. the random variables 



Y 



are stochastically independent; 
3. for every [tt] € G, the process (Z^,Z 2 ) is a correlated Volterra process, with parameter p; 
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4- the following three conditions are equivalent: (i) for every [w] , [a] G G, 

(51) f Zl (y) Zl (y) fx (dy) 'S? J Z{ (y) Z% (y) ft (dy) , 
(ii) for every [ir] € G and every n > 1 

(52) K (», p) f [IT®* ® (n) JT®*] (y, y) /i (dy) = / [i? ® (b) R] (y, y) n (dy) , 

Jy I G I Jy 

(Hi) for every [ir] G G and every n > 1 

(53) if (n, p) jf [iT® w ® (n) JF®*] (y, y) /i (dy) = K (n, p) J [R°®° ® (n) ii CT ® CT ] (y, y) // (dy) . 

Remarks — (i) In view of l|45|l . both formulae (|52[1 and (|53[) can be immediately reformulated in 
terms of the kernels tf>\ and </> 2 ■ 

(ii) The role of the constants K (n, p) in l|52[l and (|53|l is immaterial for p ^ 0, or for n even and 

pe[0,l]. 

Before proving Theorem 8, we state some interesting consequences of Theorem 8-4. 

Proposition 9 Let G — {e, g} ~ Z/2Z, where e stands for the identity element. Keep the assumptions 
and the notation of Theorem 8, and suppose moreover that p ^ 0. Then, condition $51\) is verified if, and 
only if, for every n > 1 

[i?® ( „) ii] (y,5 • y)n(dij) = 0. 

Proof. As already pointed out, in this case G — {[vr u ] , [7r a ]}, where [n u ] and [7r a ] are the equivalence 
classes of the unity and of the alternating representation. Moreover, due to Theorem 8 and the fact that 
K (n, p) ^ 0, we know that (|51|) holds if, and only if, 

(54) J [R*^ ® (n) iT"®^] (y, y) p (dy) = \ J [R ®(n) (tf, 2/) A* (dtf) , 
for any n > 1, where 

ii 7r "® 7r " (yi,y2) = -(ii(e-yi,e- y 2 ) + R(g ■ yi,e ■ y 2 ) + i? (e • yi,y • y 2 ) + R(g ■ y%,g- y 2 )) 

due to the G-invariance of the law of (Zi, Z 2 ). Finally, since is also G-invariant, one can easily prove 
that, for n > 1, 

iT"®^ ® (n) iP*®*-] (y, y) m (dy) = \ J [R <8> (n) ii] (y, y) ^ (<fo) + \ J [ R ®(») fi ] («> 9 ' v) V (dy) , 

thus yielding, via l|54|l . the desired conclusion. ■ 

Remark — The process (fi, w 2 ) defined in formula (|39l) of the previous section can be represented as 
as a correlated Volterra process, with parameter p £ [0, 1] and covariance structure 

(55) E[v 1 (s)vi(t)] = E[v 2 (s)v 2 (t)]=R v (s,t)=sAt-^ + ^-^- + ^ 
E [vi (s) v 2 (t)} = E[v 2 (s)v 1 (t)]=pR v (s,t), 
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where s, t G [0, 1]. Moreover, its law is G-invariant, where G = Z/2Z. Since 14(J|I holds, we deduce from 
Corollary 9 that for every n > 1 



/ [R v ® {n) R v ](t,l-t)dt = 0. 
Jo 



The next result, which is again a consequence of Theorem 8, is very useful to deal with multiparameter 
processes. 

Proposition 10 Fix d>2. Let (yW ,yw, ^y>\ , i — 1, ...,d, be a collection of measure spaces, with //W 
positive and a -finite, and let G^ fee finite groups with real-valued characters, such that, for each 

i = 1, ...,d, an action gi ■ yi of G, on is we/Z defined. We note 

y = x • • • x , G = G (1) x • • • x G (d) , 
jtx = /i^x-.-x/iW 

and we endow G with the product group structure (see \14\ Section 3.2]). Let also {(Z\ (y) , Zi (y)) : y 6 1"} 

foe a correlated Volterra process with parameter p £ [0,1], swc/i i/iai, /or every y — (yi, y^) and 
x = (xi, ...,a:<j) in Y 

d 

E[Z 1 (x)Z 1 (y)]=R(x,y)=Y[R i (x i ,y i ) and E[Z 1 (x)Z 2 (y)]= pR(x,y) , 

i=l 

where for each i, Ri is a G^' -invariant covariance function such that 

Ri(y,y)fi {i) (dy) < +oo. 

TTien, 

1. the application 

(g,y)^ 9-y- (91, -,9d;yi, -,yd) >-> (g% ■ yi,-,9d ■ yd) 

is an action of G onY; 

2. the process (Z\,Z-2) has a G-invariant law; 

3. for every [wi] , [ai\ € GM, i = 1, ...,d, every x,y € Y~ 

g , . f i/ i/iere exists i such that [m] [a*] 

R (*,») = | Hf =l R*i®^( Xhyi ) otherwise, 

where 9 = ® • • • <g) tt^] <g> [o"i (8 • ■ • ® crj is a generic element of G 2 ; 

4- if, for each i = 1, d, the function Ri satisfies either one of conditions $521) and \53\) . then (Z\, Z 2 ) 
verifies Watson's relation \51}) for every [tt] , [a] G G. 

Proof. Points 1. and 2. are trivial. Point 3 is a consequence of the G^ invariance of each Ri, as 
well as of Proposition 6-3. To prove point 4., suppose that each Ri verifies l|53l . and also p ^ 0. Then, 
K (n, p) ^ for each n, and 



h- - I ' [R ® (n) JJ] (y, y) /x (dy) = -j- JJ /" [i? 4 ® (n) ifc] ( W) w ) M W (d w ) 
j- | | G | i=l JY( l ) 

= {[[ [M*« IaW ® (B ,^ l8M ](lfc,»)A« W (4«) 
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for every [m] € G^\ i = l,...,d, since | G |= Yl i=1 d I I- ^° conclude, just observe that, thanks to 
point 3., 

J] / \R^ ] ® (w) i?N®H ( W) W ) M « (d W ) = / [if®" ® (n) if®"] (y, y) [i (dy) , 

where 77 = 7Tj® •••®7Trf (to deal with the case p = 0, just perform the same argument for even cumulants). 
■ 

Example (A quadruplication identity). Let B = |b ,i (ti, t 2 ) , B ,2 £2) : ^2) S [0, 1] 2 | be a 
correlated tied-down Brownian sheet, that is, B is a two-dimensional Gaussian process such that 

EpBo,i(ti,t2),B 0j i(«i,«2)] = EpBo, 3 (ti,t2),Bo,2(si,*2)] 

= (ti A si - siti) (t 2 A s 2 - s 2 t 2 ) , 

EpBo 1 i(ti,*2),Bo, 2 (si 1 a2)] = E [B 0)2 (ti.fc) ,B ,i s 2 )] 

= /9 x (ti A si - siti) (t 2 A s 2 - s 2 t 2 ) , 

where (si, s 2 ) , (ti, t 2 ) £ [0, l] 2 and p S [0,1]. Note that B can be represented as a Volterra process. 
Moreover, Bo has the law of a correlated Brownian sheet W (with the same parameter 4 ), conditioned to 
vanish on the edges of the square [0, l] 2 . Now define, for i = 1,2, the compensated processes 

Ui (ii, t 2 ) — B ,i (ii, i 2 ) - / B 0> i {t\,U2)dv,2 - l M 0)i (u^ta) dux + / B ,j (ui, u 2 ) duidu 2 , 

JO J0 "'[O,!] 2 

where (ti, i 2 ) 6 [0, l] 2 . We claim that the following identity in law holds 

(56) / Ui(ti,i2)U 2 (ti,t 2 )dtidt 2 , = / B l) 1 (t 1 ,t 2 )B ' i) 2 (t 1 ,i 2 )(i 1 ,i 2 ) 2 dt 1 * 2 , 

t(') - /V 4 ) TttW 



where B = (Bq,i 1^0,2) ' * = 1> — > 4, are four independent copies of B . As a matter of fact, standard 
calculations show that 

E [Ui (ti, t 2 ) Ui (si, fl2 )] = E [U 2 (ti, t 2 ) U 2 (si, s 2 )] = i?„ (si, t x ) i?„ (s 2 , t 2 ) , 
E[Ui(ti,t 2 )U 2 (si,« 2 )] = E[U 2 (ti,t 2 )Ui(ai,s 2 )] = px fl„(si,ti)J2„(fl2 S t 2 ), 

where is defined as in (|55|l . Since i?^ is invariant with respect to the action of {e,<?} ~ (Z/2Z) on 
[0, 1] given by e • t = t and g ■ t = 1 — t, Proposition 10-2 entails that the law of the vector (Ui,U 2 ) is 
invariant with respect to the action of the product group G — {e, <?} x {e, g} ~ (Z/2Z) x (Z/2Z) on [0, 1] 
defined as 

(e,e).(ti,t2) = (*i,t 2 ), (e,s) ■ (h,t 2 ) = (ti,l-t a ) 
(ff,e)-(l-ti,t 2 ) = (ti,*2), (S,s)-(*i,*2) = (l-ti,l-t2). 



4 That is, 

W= {Wi (ii,t 2 ),W 2 (ti,t 2 ) : (ti,*2) e [0, l] 2 } 
is a two-dimensional Gaussian process such that 

E[Wi(ti,i2),Wi(si,s 2 )] = E[W 2 (ti,t2),W2(si,S2)] = (tiAsi)(i2As 2 ), 
E[Wi(ii,t 2 ),W 2 ( Sl ,s 2 )] = E[W2(ti,t2),Wi( Sl ,s 2 )] =px (ti Asi)(t 2 As 2 ). 
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Now recall that G — {[n u ] ® [tt u ] , [ttJ ® [7r«] , [7r u ] ® [7r a ] , [7r Q ] g> [7r a ]}, where tt u and 7r a are the unity and 
alternating representation of Z/2Z. According to Proposition 7-4 (since Lebesgue measure on [0, l] 2 is 
also G-invariant) and Proposition 10-4, for every A € R, 



E 



E 



exp( iA / V 1 (t 1 ,t 2 )V 2 (t 1 ,t 2 )dt 1 dt 2 
[o,i] 2 , 



exp ( iA ^ ^U^° (ti,* 2 )UJ aW,r - (ti,t 2 )dt!dt 2 



To conclude, we use Proposition 7-2 to show that 
EfU?"®*- (^t^Uf®^ (*i,a a )] 

thus implying that 



E [1^° (tuttW 9 " ( Sl ,s 2 )] 
RZ am * { Sl ,h)R^ (s 2 ,t 2 ), 
EfUJ-®*- (ti,ta)Ur a8,r - («i,«2)] 

PX<*' (si,tl)JiJ-®' r -(« 2 ,t2) 



{Ui (*i,* 2 ),U 2 (ti,t 2 ) : (*i,* 2 ) G [0,l/2] 2 } 

'= {4-^0,1 (2*i, 2* 2 ) , 4- 1 B ,2 (2* X) 2t 2 ) : (* x , t 2 ) £ [0, 1/2] 2 } 



and therefore 



[o,i] 2 



U^®*- (*i, * 2 ) UJ"®*' (ti, * 2 ) d*id*2 



/ait' 1 



/ B ,i (2*i, 2t 2 ) Bo, 2 (2ti,2* 2 ) tftidfe, 

i[0,l/2] 2 



so that l(5f)| is obtained by a standard change of variables on the right hand side of the previous expression. 
The reader is referred to [H] for other two-parameters generalizations of Watson identity. 

4.2 Proof of Theorem 8 

(1.) Since G is finite, to prove both inequalities in formula (|50|l it is sufficient to show that, for every 
g, h£G, 

J J R(h ■ y,g ■ z) 2 /i(dz) fi(dy) < +00. 
But, since [i is G-invariant, and taking into account (|45Jl . 



R{h-y,g- zf (j, (dz) fi (dy) 



y Jy 



R{y,z) 2 n(dz) n(dy) 



y Jy 



4>i {z,t)(j)i (y,*)r(d*) fi (dz) fi (dy) 



IY JY \JT 

< +OO, 



due to (|49() . as well as to an application of the Cauchy-Schwarz inequality. 
(2.) This is a direct consequence of Proposition 7-1.. 

(3.) By additivity of Gaussian measures, for every y £ Y, i = 1, 2 and [tt] G G, 

Z? (V) = T^r £ Z (g ■ x) X7T (.g- 1 ) = J- £ X (& (.9 • y, •)) X. (-T 1 ) = X (y, ■)) 



gee 



gee 
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where 

(57) ^ (!/,*):= jL^^ig-y^xAg' 1 ), (y,t)eYxT. 

1 1 sec 

(note that (f>^ £ L 2 (dp, x dr)). Moreover, for any yi,y 2 <= ^ 

E[^f( yi )^(y 2 )] = E[^( yi )ZJ(y 2 )] = i?^( yi ,y 2 ), and 
E[^(2/i)^(y2)] - ^'(ift.lft), 

due to formula 1)3 7|l . thus yielding the desired result. 

(4.) Fix [tt] G G. Since ZJ" and are Volterra processes with respect to the Gaussian measure X, we 
may apply a standard version of the multiplication formula for Wiener-Ito integrals (see e.g. ^ p. 211]) 
to obtain 

Zl (y) Zl (y) „ (dy) = J pR«®* (y, y) jj, (dy) + I? , 

where stands for a double Wiener-Ito integral with respect to X (see again 0]), and $' 7r ) is the 
symmetrized kernel 

* W {tlM) = \j K° (2/ ' * l} ^ (y ' ^ + ^° (y ' <2) ^° (W' M Ofo) . 
where </> l - 7r ' ) , i = 1, 2, is defined as in H57|l . On the other hand, 

Z 1 (y)Z 2 (y)p(dy) = J pR (y, y) p, (dy) + J* (<f>) , where 

*(*i,ta) = ^J^[(t>i{y,ti)<t>2(y,t2) + <t>i(y,t2)(t>2(y,ti)}fi(dy). 

Now, it is well known that the law of a double Wiener-Ito integral is determined by its cumulants (see 
|17j). We therefore note k„ (J), n > 1, the nth cumulant of a given random variable J, and use a version 
of the diagram formulae for cumulants of multiple stochastic integrals (as presented, for instance, in [T5] . 

Proposition 9 and Corollary 1] or |SJ Section 2]) to obtain that, for every n > 2, there exists a 
universal combinatorial coefficient c n > such that, for any [tt] G G, 

n n (/ 2 X = c„ j $W (t 1} t 2 ) $ W (t 2 , *a) ■ ■ ■ $ W (^, *i) t (dii) • • • r (dt n ) 

and also 

K n (l*(<S>)) =C„ / $(tl,t 2 )$(t2,*a)---^(*n,tl)T(<ftl)---T((ft n ). 

By using the relations 

<j>i(yi,t)<t>i(yn,t)T(dt) = (h(yi,t)<h(y2,t)T(dt) = R(yi,y 2 ) 

Jt 

<t>i(yut)<h(y2,t)T{dt) = / <j} 2 {yi,i)<Pi{y2,t)T(dt) = pR(y 1 ,y 2 ) , 



as well as a combinatorial argument, we finally obtain, for n > 2, 

-n(/ 2 X (* (7r) )) = Cn X fj"' P) jf [R^ 8>(n) g**] (y, y) a* (dy) 
^(/f (<*>)) = c " X ^ (n,p) / [fl(8( w )fl](y,y)MW. 
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To conclude, use independence to write, for n > 1, 

K n (j Z 1 (y) Z 2 (y) » (dy)) = ]T n n (J Z\ (y) Z% (y) fx (dy) 

and observe that, thanks to the translation invariance property of cumulants (see e.g. ^1 Corollary 4.1]), 
for any n > 2, 

K n U Z 1 (y)Z 2 {y)n(dy)j = n n (J* ($)) 

K n UzUy)zz(y)»(dyf) = K n (i* (*«)), H e g, 

and consequently 

«»(#(*)) = £ «»(^(* w ))- 

The proof is completed by standard arguments. ■ 

5 Refinements, further applications and examples 
5.1 Connections with Karhunen-Loeve expansions 

In this paragraph, we elucidate some of the connections between our decomposition of stochastic processes, 
and and Karhunen-Loeve (KL) expansions of Gaussian processes indexed by the elements of a measurable 
space (T,T) (for fundamental facts about KL expansions, see e.g. P, ^3 Chapter 5], as well as |3] and 
the references therein). In what follows, G is a topological compact group, acting on T through the 
application (<?, t) i— > g ■ t, t S T. We write m (di) to indicate a G invariant measure on (T, T). 

We also consider a positive definite kernel R (s, t), s,t € T, such that R is the covariance function of 
a centered Gaussian stochastic process X = {X (t) : t E T}, defined on some probability space P), 
and such that, for every oj £ f2, the function t i— > X (t) is in i 2 (T, dm). We note Ai > A2 > ... > 
the sequence of the eigenvalues of R (with respect to m(-)), whereas Ei,E2, ■■■ indicate the associated 
eigenspaces. For every j > 1, rij is the (finite) dimension of Ej. The next assumption will be in order 
throughout the paragraph 

Assumption C - For every j, note (fj,i,---,fj, nj ) an orthonormal basis of Ej (in the sense of 
L 2 (T,dm)). (C-i) The process X admits the following KL expansion: there exists an array of i.i.d. 
N (0, 1) random variables : j > 1, / = 1, nj} such that, as N — > +00 and p.s. - P, the process 

N 

Xjv (*) = ^A x (*) + 6,2 x f h 2 (*) + ••• + x / ijnj (t) } , t e T, 
i=i 

converges to X in L 2 (T,dm). (C-ii) The processes X, X^v (-/V > 1) and /j.; (j > 1,/ = 1, ...,rij) satisfy 
Assumption A of section 3.1, with Y = T. 

The reader is referred once again to pQ or |16j for (rather general) sufficient conditions, ensuring the 
validity of Assumption (C-i) in the case [0, l] d , d > 1. Assumption (C-ii) is redundant for G finite. 
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According to l|12|) . for every [it] G G we define 

(58) T (0 = / X, (9) f (g^ ■ t) dg, f£L 2 (T, dm) , 

JG 

Xl(t) = d n [ xAg)^N(g- 1 -t)dg 

JG 

N 

= E {&1 X Hi (t) + 0,2 Xf £ 2 (*)+■■■ + X (t)} , 

X"(t) = / X^X 1 ^" 1 •*)<&. 

Note that, according to Proposition 7-3, a.s.-P, 

(59) X(t)= 

Wee 

with convergence in L 2 (T,dm). The following Proposition explains some remarkable relation between 
(|59|l and KL expansions, in the case of Gaussian processes with a G invariant law.. 



Proposition 11 Let the notation and assumptions of this paragraph prevail. Then, 

1. for each [ir] G G, X% (t) -> X ff (t), as N -> +oo ; a.s.-P in L 2 (T, dm) ; 

2. suppose X /ias a G -invariant law; then, for each j > 1, the application 

«7^{/(*)'^/(s~ 1 -*):/€B J } 
is a finite dimensional representation of G; 
3- for j > 1, write 

E j =E]®---®E^ , 

with 1 < hj < nj, to indicate the canonical decomposition of Ej, where Ej (I = l,...,hj) is 
the direct sum of the irreducible representations contained in Ej that are equivalent to the same 
[iTj.i] G G (see \14\ Section 2.6]); then, for every it G G, f* (as defined in \58\) ) is equal to zero 
if [ir] [Kj.i] for every I — l,...,hj, and equal to the projection of f on Ej if [it] — [iTjj] for some 
I = l,...,hj. 

Proof. (1.) Just write 

X* N (t)-X*(t)j 2 m(dt) = dl^J^(g)(X N (g- 1 -t)-X(g- 1 -t))dg^ m(dt) 



< dial 



X, (g)((X N (g- 1 -t)-X(g- 1 -t))) dg 



m (dt) 



= dial / ((X N (t)-X(t))) 2 m(dt)^0, 



thanks to Assumption C, as well as the G-invariance of m. 
(2.) A function / is in Ej if, and only if, 



= / R(t,s)f(s)m(ds). 
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Now suppose X has a G-invariant law. Then, R is also G-invariant, and moreover, for every g G G and 

ir 

= / R (g ■ t, g^ 1 ■ s) / \g ■ s) m (ds) (G-invariance of m) 
Jt 

= / R(t,s) f (<? _1 • s) m(ds) (G-invariance of R), 
Jt 

and therefore / G Ej. This concludes the proof. 

(3.) This point is a direct application of Theorem 8 in ■ 



5.2 Watson's identity on the n-dimensional flat tori 

Watson's identity concerns processes defined on [0,1] and taking the same values at t = and t = 1, 
in other words on a circle. Among the various geometrical sets arising as generalizations of the circle in 
higher dimensions, we will consider the n-dimensional torus. Recall that an n— dimensional lattice is a 
set 

n 

T := a i v i '■ a i, — ) a n € Z} 

i=l 

where V\, ...v n are n independent vectors in W 1 . The dual lattice T* is defined to be the set of v* £ M. n 
such that 

< v\v* >G Z, for all v € T. 

The quotient space Tr := M n /r is the n— dimensional torus associated to T, and it is endowed with 
the measure dm inherited from the Lebesgue measure on K™. Consider a centered Gaussian process 
X := {X(t) : t € Tr}, with covariance function K. For n — 1, T — Z, one has T 1 = R/Z and X is a 
centered Gaussian process defined on [0, 1] such that X(Q) = X(l). In this case X can be a Brownian 
bridge or the Watson process. These processes are involved in Watson's identity We propose an as- 
sumption on X, implying that this process satisfies an identity analogue of Watson's duplication identity 
l[T)l in higher dimensions. The techniques we adopt represent a n-dimensional generalization of the line 
of reasoning that the second author used in ^U] . 

Assumption D - There exists a function k : Tp — > K such that 
(60) K(s,t) = k(t- s) (s,teT T ) 



Note that this assumption is equivalent to the hypothesis that K is invariant under the isomctry 
group of Tr which is composed of all translations of vector v S {yV., ciiVi :0<a<<l, l<i< n}. Let 
us first check that the covariance function of Watson's process given by (|55|l can be put in the form l|60[) . 
If for s € R we denote by s £ [0, 1) the corresponding class in R/Z, we have, for s, t S [0, 1], 

. 1 ft- s- i = i - (1 + = i -i -- ? if s < t, 

|s - t| - - =- - - 

hence 

\s-t\-l=±[(s-t)-- 
This allows us to obtain the expression 

, . s + t (s-tf 11/, 1\ 2 1 If 1\ 2 1 

61 sAt -J- h - — — — - — I — — = — • ( s — t — — J - — = - s-t- - -7TT=:fc(u 

y ' 2 2 12 2 V 1 2 / 24 2 V 2/24 w 
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where k(u) = (u- 1/2)72 - 1/24 for u e T 1 . 

Lemma 12 // the centered Gaussian process X satisfies Assumption D, then K admits a Karhunen- 
Loeve expansion of the form 

(62) K(s, t) = K{ot v cos(27r < v\s >) cos(27r < v\t >) + a v sin(27r < v\s >) sin(27r < v\t >)} 

where X v € [0, oo) /or eac/i iieP, and a v > is chosen such that 

/ a 2 v cos 2 (2-7T < w|s >)dm(s) = / a 2 sin 2 (27r < v\s >)dm(s) = 1. 

Proof. The functions {u cos(27t < v\u >),u sin(27r < v\u >) : v e T*} form a complete set of 
orthogonal functions in L 2 (Tr). The Fourier series of k in this basis has the form 

k{u) = {a„ cos(2-7r < w|u >) + 6^ sin(27r < v\u >)}. 

Since k(u) = k(x — y) = K(x,y) = K(y,x) = k(y — x) = k(—u), one has b v = for each v e T*. If we 
replace u by a; — y and use the identity cos(a — 6) = cos a cos b + sin a sin b we obtain the desired K-L 
expansion of K. ■ 

Theorem 13 // the centered Gaussian process X satisfies the assumption D, then 

(63) / X 2 (t)dm(t) = - f X 2 (t)dm(t) + - [ X 2 (t)dm(t) 

Jt 4 J T 4 J T 

where Xi(i) := ^( t )^(~ t ) an d X 2 {t) := ^£M+2Li *) are independent centered Gaussian processes 
such that 

f Xl{t)dm{t) (l = } f X 2 (t)dm(t) 
Jt Jt 

and X 1 (0,...,0)=X 1 (f ,...,?£) =0. 

Proof. From the preceding Lemma, X has a K-L expansion of the form 

X(t) = ^ \{£,vOt v cos(27r < v\t >) + £' v a v sin(27r < v\t >)} 

v£T* 

(where the £ v and the £' v are independent standard Gaussian random variables) and the claimed identity 
is clearly fulfilled with 

Xi{t) = ^ X v £ v a v sin(27r < v\t >), X 2 (t) = ^ X v £ v a v sin(27r < v\t >) 

tier* tier* 
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